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In this paper, we are interested in computing the unsteady loading and radiated acoustic pressure field from a flat-
plate cascade excited by an incident vortical wave (gust). We solve the two-dimensional nonlinear Euler equations
over a linear cascade by a high-order finite difference method. We use Giles’s nonreflecting boundary conditions at
the inflow and outflow boundaries. The cascade response depends sensitively on the frequency of the convected gust.
The unsteady surface pressure distribution and radiated pressure field agree very well with predictions of the linear
theory for the tested range of reduced frequency. We also investigate the effects of the incident gust frequency on the
undesirable wave reflection at the inflow and outflow boundaries.

Nomenclature
CN = normal force coefficient
c = plate chord

one-dimensional characteristic variables

Cy, Cp, C3, Cy

Coo = freestream mean speed of sound

E = total specific energy

ki, ko = wave numbers of the gust

L = normal force per unit span

L, = streamwise domain length

M, = freestream mean Mach number

n, = number of blades

n. = number of grid points on the chord
ng = number of grid points on the pitch

p = pressure

R = gas constant

s = blade-to-blade spacing

T = temperature

T = freestream mean temperature

t = time

Uy = freestream mean velocity

u,v = velocity components

i, v = velocity components of the gust

Uy, U, = amplitude of velocity components of the gust
X,y = streamwise and transverse coordinates
y = specific heat ratio

Ap = pressure jump across the plate

At = time step

Ax, Ay = grid spacing in the x and y directions
K = reduced frequency

P = density

Poo = freestream mean density

w = gust frequency

I. Introduction

SIGNIFICANT component of the noise radiated by shrouded
propellers and turbofans is due to interactions of ingested
turbulence with rotor blades and guide vanes. The incident
turbulence is usually generated in boundary layers on surfaces
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upstream of the propeller, such as the vessel hull, the control
surfaces, and the wakes of rotor blades upstream of the guide vanes. It
may also be present in the incident freestream due to environmental
effects such as atmospheric turbulence or breaking of internal or
surface gravity waves. The incident turbulence usually contains
large-scale structures with integral length scales comparable to the
blade-to-blade spacing or even larger. The interactions of these
scales with rotating blades or guide vanes result in pressure
fluctuations, unsteady lift, vibrations, and hence noise radiation.
Simultaneously, the turbulence length scales, intensities, and wave-
number-frequency spectra are significantly modified by the
interaction with the blades.

Over the past decade, several models have been proposed for the
prediction of propellers and turbofans noise. Majumdar and Peake
[1] used rapid distortion theory (RDT) to predict the distortion of
ingested freestream turbulence by the strain field of nonuniform
mean flow upstream of an open or ducted fan. They assumed that the
incident turbulence is given by von Karmén spectrum. They used a
strip theory to predict the unsteady forces on rotating fan blades and
determined the radiated sound by solving the convected wave
equation with the help of Green’s function. They found that the
distortion of incident turbulence under static (zero forward speed)
conditions produced high tonal noise levels, whereas the radiated
sound is generally broadband under flight (aircraft approach)
conditions.

Atassi et al. [2] examined the effect of mean flow swirl on the
acoustic and aerodynamic responses of a set of guide vanes. The
swirl is imparted to the incoming flow by a rotor upstream of the
guide vanes that are modeled by an unloaded (zero-mean lift) annular
cascade. They linearized the Euler equations around a nonuniform
mean state and assumed time-harmonic disturbances. Because the
disturbance equations have variable coefficients, Atassi et al. used a
finite difference method and solved for the flow in a single-blade
passage, assuming quasi-periodic conditions in the circumferential
direction. They showed that the mean swirl changes the mechanics of
the scattering of incident acoustic and vortical disturbances. They
pointed to the importance of the radial phase of the incident
disturbance in the scattering process.

Because of its simplicity and efficiency, RDT has been extensively
used for investigating the interactions of turbulence with blades and
for predicting the radiated noise from rotors. Kullar and Graham [3]
obtained an integral equation for the loading of a flat-plate linear
cascade due to an incident three-dimensional gust composed of an
upwash-velocity component superimposed on a uniform stream.
They examined the effects of Mach number and three-dimensionality
of gust on acoustic resonances between cascade blades. Glegg [4]
also obtained an integral equation for the loading (expressed as a
jump in the velocity potential across the blades) and solved that
equation by the Wiener—Hopf method. He obtained analytical
expressions for the unsteady loading, acoustic mode amplitude, and
sound power output of the cascade. One of his conclusions is that the
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primary effect of sweep on the radiated sound power is to cause the
propagating acoustic modes to become cut off. This effect depends
on the Mach number.

Graham [5] used RDT with simplifying assumptions and obtained
analytical solutions for the turbulence spectra downstream of a flat-
plate linear cascade. He noted that .. .the turbulence flow field for
these convective flows is inhomogeneous in the streamwise direction
over a distance of order L, [integral length scale]. This is the region
within which there is a significant pressure field associated with the
interaction between the turbulence and the leading edge.” Therefore,
a simplified RDT in which the turbulence is assumed to be
homogeneous in the streamwise direction does not apply in this
region. Also, RDT does not apply for streamwise distances much
greater than L., from the leading edge.

The long-term objective of our research is to develop an efficient
computational method for the interaction of large-scale turbulence
with propeller and turbofan blades and to predict the associated
radiated noise. Salem-Said and Ragab [6] conducted large-eddy
simulations of the distortion of homogeneous turbulence by a flat-
plate cascade. Their results for the Reynolds stresses and energy
spectra downstream of the cascade agree with Graham’s RDT theory
in its region of validity.

In this paper, we are interested in computing the unsteady lift and
radiated sound from a flat-plate cascade due to an incident vortical
wave (gust). We solve the two-dimensional nonlinear Euler
equations over a linear cascade composed of six plates for a range of
discrete frequencies of the incident gust. We use Giles’s [7]
nonreflecting boundary conditions at the inflow and outflow
boundaries and study their performance at different frequencies of
the incident gust. These boundary conditions have been also
investigated for the cascade problem by Hixon et al. [§] and used by
Sawyer et al. [9] for aeroacoustic prediction of rotor—stator
interaction noise. Giles’s [7] conditions, being based on a Taylor
series expansion for a small ratio of tangential wave number to
frequency, are approximately nonreflecting. Rowley and Colonius
[10] (see also Colonius [11] for a review) developed numerically
nonreflecting conditions. Yaguchi and Sugihara [12] also proposed
new nonreflecting boundary conditions for multidimensional
compressible flow. Prediction of radiated sound by a cascade of
blades due to interaction with turbulence can benefit from these new
nonreflecting conditions.

II. Mathematical Formulation
A. Euler Equations

We solve the full nonlinear Euler equations in the conservative
form on a uniform Cartesian grid:

dp  dpu,
ot  Ox; M
O ouu: S,
8,014, + (puluj +p I_/) =0 (2)
ot 0x;
d(pE ;
9pE | (p +p)u,:0 3)
ot dx;
where
E=—P_ ] )
=y T il
(yv=Dp 2
A perfect gas with specific heat ratio y = 1.4 is assumed.
p = pRT ®)

B. Finite Difference Method

In the present paper, we use a sixth-order compact finite difference
scheme (Lele [13], and Zhong [14]) for spatial derivatives. In the
nonperiodic x direction, the scheme is given by

afi  +fitafiy, = ﬂa(fiﬂ —fie) +b(fiza— fin)]  (6)
wherew = 1/3,a ="7/9, b = 1/36, and h is the grid step size. This
scheme is applied for i = 3, ..., n — 2. Fifth-order explicit schemes
(Carpenter et al. [15]) are used at the boundary points i = 1,2, n and
n—1:

Fori=1:

fi=3Cofi + € 1fiz1 + Cafivo + Cafins + Cafia + Csfigs
+ Cofive + C1fiz7) (7

Sfis1= %(éofi tefipntefiatesfissteifiva
+ esfivs + eofive + €1fiv7) 3)

Fori =n:

fi=—1Cofi + Cifici + Cafia + E3fis + Cafia

+ ¢sfios + Cofice + C1fi-7) )
fioi=—@ofi+efioi +erfia+esfis+eufia
+esfis + ecfice + €1fi-7) (10)

The coefficients are given by Carpenter et al. [15]. Because of the
singularities at the leading and trailing edges, we do not apply the
sixth-order compact scheme at points that straddle these edges on y
planes that coincide with the plates. Instead, we use the explicit fifth-
order schemes [Eq. (8)] at the points i = ile + 1 and ite 4 1, and we
use Eq. (10) at the points i = ile — 1 and i = ite — 1, where ile and
ite are the indices of the leading and trailing edges of the plate,
respectively.

The Euler equations are also solved on the upper and lower
surfaces of each plate. The Poinsot and Lele [16] slip wall boundary
condition is used. The flux vector derivative parallel to the plate (x
operator) is evaluated using the sixth-order compact scheme, as
shown earlier at the points ile +2 > i > ite — 2. The derivatives
normal to the wall (y direction) are evaluated by a one-sided explicit
third-order scheme for velocity v and a first-order scheme for
pressure p. The flow variables at the leading and trailing edges are
obtained by averaging the solutions at the two nearest field points
above and below the edges.

The low-storage, five-stage, fourth-order Runge—Kutta scheme of
Carpenter and Kennedy [17] is used to advance the solution in time.
The compact sixth-order scheme is nondissipative, and hence a filter
is needed to damp dispersed high wave numbers. We use a tenth-
order compact spatial filter, as given by Visbal and Gaitonde [18,19].
For the near-boundary points, we use successively lower even-order
compact filters, with a filter parameter given by o, =0.5125—
0.01125m,, where m, is the order of the filter; for example, o, =
0.40 for the tenth-order filter, o, = 0.4225 for the eighth-order filter,
and so on. The filter is applied to the conservative variables once
every time step after the fifth stage of the Runge—Kutta scheme.

C. Boundary Conditions

At the inflow boundary, the incoming flow is composed of two
contributions: a uniform flow that is parallel to the plates (U,
Ve =0, poo» and p,,) and a vortical gust with prescribed velocity
components # and v, but without pressure or density variations.
Additional perturbations at the boundary are due to the interaction of
the gust with the cascade u’, v/, p’, and p’. For the purpose of applying
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the boundary conditions only, we write

u=Uy+ii +u (11)
v=V,+0+0 (12)
P=Pot /D 13)
P=Post P (14)

In developing nonreflection boundary conditions, Giles [7]
linearized the 2-D Euler equations about a uniform basic state. The
one-dimensional characteristic variables are related to the field
perturbations u’, v/, o/, and p’ by

€1 =P = PosCoolt 1s)
ey =ckp = p' (16)
€3 = PooCoolV’ a17)
€4 =P+ PooCoolt (18)

At the inflow boundary, we determine the time derivatives of the
incoming characteristic variables from Giles’s [7] conditions:

ac2 aC2
9 Ly %2y 19
ot dy {19
8C3 8C3 1 aC4 1 301
9 4y %5, “w % Wy —e) X =0 20
o Vs y+2( 00 T Coo) BR 2( 00~ Coo) AR (20)
3C4 8C4 1 8(,’3
_Z — - = 21
LS Tt (AT L L SCT)

where the y derivative is evaluated by a fourth-order central-
difference formula. We also determine the time derivative of the
outgoing characteristic variable c¢; from

/ /
% - .- coo)(ai ~ pan a—”) 22)
ot ox ox
where the x derivative is evaluated by a fifth-order one-sided explicit
scheme (Carpenter et al. [15]) using information within the
computational domain. The values of the perturbations and
characteristic variables used to evaluate the x and y derivatives are
updated at each of the five stages of the Runge—Kutta scheme. As
shown by Hixon et al. [8], the time derivative of the characteristic
variables can be used to obtain the derivative of the conservative
variables on the boundary. We take the time derivative of Eqs. (15—
18) and then use the known derivatives of the characteristic variables
to determine the derivatives of the fluctuations. To take into account
the gust at the inflow, we determine the time derivatives of the
conservative variables by

dp 00
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T‘“az+p(at+at @9

dpv 9o v 9v
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At the outflow boundary, the time derivative of the incoming
characteristic are given by

C v u2=0 @7)
t y

whereas the changes in the outgoing characteristics ¢, ¢z, and ¢, are
obtained from information within the computational domain.

III. Results

In the present simulations, we consider an unstaggered six-blade
linear cascade, as shown in Fig. 1. The plates have zero thickness and
are at zero incidence relative to the mean flow. The blade-to-blade
spacing s is 0.806¢, where ¢ is the blade chord. This geometric
parameter is motivated by the cascade experiments conducted by
Larssen and Devenport [20] (see also Larssen [21]).

The coordinates and flow variables are made nondimensional by
using the plate chord ¢, freestream velocity U, density p,,, and
temperature 7, as reference values. The reference pressure is
PooU% . In this paper, we consider two-dimensional vortical waves
only, hence the gust velocity field (& and v) is divergence-free; it is
given by

it = u,ethrthy—en 4 cc (28)
§ = v, eitivky-on 4 cc (29)
where u, =—k,v,/k;, and w=kU,. We assume that

k, =k, = 2nn/(sn,), where n is an integer and n,, is the number
of blades in the computational domain. In the preceding equations,
cc stands for the complex conjugate of the preceding term. All of the
results reported here are obtained for v, = 0.01U.

A. Glegg’s Linearized Potential Flow Solution

Glegg [4] developed a complete solution to the response of a
staggered flat-plate cascade to incident 3-D plane waves. He solved
the compressible linearized potential flow equation and accounted
for the finite chord of the blades. He provided analytical expressions
for the unsteady normal force and the upstream and downstream
sound power, all as functions of the wave number and frequency of
the incident gust and the geometric properties of the cascade. We
developed a linear-theory code based on Glegg’s analytical solution
and checked it by reproducing the normal force and sound power
spectra for all of the cases reported in Glegg. We then used the linear
code to provide data for comparison with the nonlinear Euler
calculations.

Periodic

y=6s

c | Outflow|

Inflow |—'

| L y=0
Periodic x=0 x=C

Fig. 1 Flat-plate cascade and computational domain.
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Fig. 2 Unsteady lift response and sound power using Glegg’s [4] linear
solution at M, = 0.3.

Following Glegg [4], we define the normal force coefficient CN by
CN = L/7v,psUyc, where L is the normal force per unit span,
obtained as an integral along the chord of the pressure jump across
the plate. The sound power per unit span W¥ is also normalized by
V2050 Usosn,/2. (The upper sign is for upstream radiation and the
lower sign is for downstream radiation.) The normal force magnitude
and sound power for the cut-on modes at freestream Mach number
M, = 0.3 as functions of the reduced frequency of the incident gust
k = wc/2U,, are shown in Fig. 2. The second (m = 1) and third
(m = 2) acoustic modes are cut on, each over a range of frequencies,
but they do not overlap. There is a small window of frequencies in
which both modes are cut off (k = 5.70125 to 5.915); the frequency
for wave number n = 9 is ¥ = 5.8466, which falls in that window.
Upstream sound power is less than the downstream sound power.
The normal force and sound power results at M, = 0.5 are depicted
in Fig. 3.

B. Two-Dimensional Euler Simulations

We integrated the unsteady two-dimensional nonlinear Euler
equations in time on a Cartesian uniform grid. First, we present the
unsteady lift spectrum for a range of frequencies of the incident gust.
We obtained numerical solutions for 12 separate runs corresponding
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Fig. 3 Unsteady lift response and sound power using Glegg’s [4] linear
solution at M, = 0.5.
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Fig. 4 Comparison of unsteady lift response with Glegg’s [4] linear
solution at M, = 0.3.

Magpnitude of Lift Coefficient

ton=1,2,...,12. In each run, the normal force on each of the six
plates was computed by integrating the pressure jump on the plate
and its time history was recorded. Excluding a transient period, we
decomposed the normal force coefficient into Fourier modes in time.
The magnitude of the mode for which the frequency is equal to the
gust frequency was averaged over the six plates. The spectrum of the
obtained normal force magnitude is depicted in Figs. 4 and 5 at the
two Mach numbers M, = 0.3 and 0.5, respectively. Overall, the
agreement between the present Euler calculations and Glegg’s [4]
linear solution is very good. The sensitivity of the surface pressure
distribution to grid resolution and domain length will be discussed
next.

We investigate in more detail the pressure field and excited
acoustic modes for three frequencies corresponding ton = 11, 8 and
9 at Mach number M, = 0.3. As we shall see, each frequency results
in a qualitatively different cascade response. We use five grids, as
shown in Table 1. Grids A, B, C, and D are used to evaluate
sensitivity to the step sizes Ax = Ay, whereas grids C, E, and F are
used for sensitivity to the streamwise extent of the computational
domain. In this table, n, and n, are the number of points on the
cascade pitch s and on the plate chord c, respectively. L, is the
streamwise extent of the computational domain and At is the time
step.
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Fig. 5 Comparison of unsteady lift response with Glegg’s [4] linear
solution at M, = 0.5.
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Table 1 Grid parameters for test cases 1-3

Grid n n, L, At

A 25 31 5.0375 0.4198 x 1072
B 49 61 5.0375 0.2099 x 1072
C 97 120 5.0375 0.1049 x 1072
D 193 239 5.0375 0.5247 x 1073
E 97 120 7.0525 0.1049 x 1072
F 97 120 9.0675 0.1049 x 1072

Test Case 1: n =11

A snapshot of pressure contours (p — 1/yM2,) for incident gust
with mode number n = 11 is shown in Fig. 6. For this gust, the
reduced frequency is k = 7.146, for which the third acoustic mode is
cut on. Pressure fluctuations propagate toward the lower left corner
upstream of the cascade and toward the lower right corner
downstream of the cascade. We decompose the pressure field
p(x,y,t) into a double Fourier series in y and #; each mode is of the
general form

ij(xv k\;a (1),) = ﬁlv (-x)eiiw’tJrinzy (30)

The cascade response at the forcing frequency w; = w includes
only one propagating mode v = —1, as shown in Fig. 2. The
amplitude | p,, (x)| for this mode is depicted in Fig. 7 upstream of the
leading edge and downstream of the trailing edge for the four grids A,
B, C, and D. The upstream radiated pressure agrees very well with
predictions using Glegg’s [4] linear theory. Reflection from the
inflow boundary is negligible. As we refine the grid, downstream
radiation converges to the linear-theory prediction. However, a small
wave reflection from the outflow boundary is evident by the weak
variation in the wave amplitude. In addition to the propagating mode
v = —1, there are other modes that decay exponentially upstream and
downstream of the cascade. The dominant exponentially decaying
mode is v = —7, which is also depicted in Fig. 7. This mode shows
very little sensitivity to grid resolution and is not influenced by
reflection from the inflow or outflow boundaries.

The pressure jump across a plate Ap(x,t) is decomposed into
Fourier series in time, of which a mode is

Ap(x, @) = Ap (x)er 31)

At the gust frequency w; = w, the real and imaginary parts of
A p,(x) are compared with predictions of Glegg’s [4] linear theory in
Fig. 8 for grids A, B, C, and D; grid convergence is also shown. We
note here that the coarse grid A gives 13 points per wavelength,
whereas the fine grid D gives 105 points. The singularity in A p(x, t)
at the leading edge is difficult to resolve; nevertheless, the predicted

I [ W

-0.01 -0.008 -0.006 -0.004 -0.002 0  0.002 0.004 0.006 0.008 0.01

o
mEEEEaEEEEEEy
T T 1

L LAY [ ¢

i R NS FEENE SN NN FNTS FENTS S S 0
-4 -3 -2 -1 0 1 2 3 4 5
X

Fig. 6 Test case 1: a snapshot of pressure contours.
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Fig. 8 Testcase 1: sensitivity of surface pressure jump to grid step sizes.

pressure distribution varies smoothly there. Near the trailing edge,
we also see a small glitch in the pressure. Sensitivity of the surface
pressure distribution to the extent of the computational domain in the
streamwise direction is a good indicator of the reflections from the
inflow and outflow boundaries. With the leading edge at x = 0, the
inflow boundary is placed at x = —2, —3, and —4 for the three
grids C, E, and F, respectively. The domain length L, is given in
Table 1. The surface pressure distributions for the three domains are
shown in Fig. 9, along with the linear-theory prediction. For this
frequency, the effects of the domain length are negligible. Reflection
from the boundaries is negligible, because the wave-number vector
of the excited acoustic mode makes a small angle with the normal to
the boundary, which is the right condition for the application of
Giles’s [7] nonreflecting boundary conditions.

Test Case 2: n =8

A snapshot of pressure contours is shown in Fig. 10 for incident
gust with mode number n = 8. (Because the domain of six blades
includes two wavelengths in the y direction, only half of the domain
is shown in the figure.) For this gust, the reduced frequency is
k = 5.197, for which the second acoustic mode is cut on. Upstream
of the cascade, pressure fluctuations propagate toward the upper left
corner, and downstream of the cascade, they propagate toward the
upper right corner. Reflection from the outflow boundary is evident
and is more significant than from that at the inflow boundary. This is
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Fig. 10 Test case 2: a snapshot of pressure contours.

because the wave-number vector has a larger tangential component
at outflow. Reflection from the outflow boundary contaminates the
pressure field, causing significant dependence of the surface pressure
distribution on the locations of the inflow and outflow boundaries.

The cascade response at the forcing frequency w; = w includes
only one propagating mode: v =2. The amplitude |p,,(x)| of
radiated pressure for this mode is depicted in Fig. 11 upstream of the
leading edge and downstream of the trailing edge for the three
grids A, B, and C. With grid refinements, the upstream radiated
pressure converges to the predictions using Glegg’s [4] linear theory.
The undulations in the pressure amplitude are about 5% of the mean
value. However, stronger undulations are observed for the
downstream radiated wave, because of reflection from the outflow
boundary. (Because of the significant reflection from the
downstream boundary, we felt that it is not necessary to obtain
results for the finest grid D.) In addition to the propagating mode
v = 2, there are other modes that decay exponentially upstream and
downstream of the cascade. The dominant exponentially decaying
mode is v = —4, which is also depicted in Fig. 11. This mode shows
very little sensitivity to grid resolution and is not influenced by
reflection from the inflow or outflow boundaries.

At the gust frequency w; = w, the real and imaginary parts of

surface pressure jump Ap,(x) are compared with predictions of
Glegg’s [4] linear theory in Fig. 12 for grids A, B, and C. Comparison
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Fig. 11 Test case 2: pressure amplitudes for propagating mode v = 2
and decaying mode v = —4.
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Fig. 12 Test case 2: sensitivity of surface pressure jump to grid step
sizes.

with linear-theory predictions is poor, and as shown in Fig. 13, the
surface pressure distribution is very sensitive to the locations of the
inflow and outflow boundaries. In this case, n = 8 reflection from the
boundaries is significant, because the wave-number vector makes a
large angle with the normal to the boundary, for which Giles’s [7]
nonreflecting boundary conditions break down, especially at the
outflow boundary. This is a challenging case for nonreflecting
boundary conditions.

Test Case 3: n =9

Pressure contours for incident gust with mode number n = 9 are
shown in Fig. 14. (Because the domain of six blades includes three
wavelengths in the y direction, only one third of the domain is shown
in the figure.) For this gust, the reduced frequency is k = 5.8466,
which falls in the frequency range in which no acoustic mode is cut
on, as shown in Fig. 2. Pressure fluctuations are given by standing
waves that are dominant in the near field and decay exponentially
upstream and downstream of the cascade. The pressure field exhibits
anode at x = 0.428 from the plate leading edge.

At the gust frequency o, = w, the real and imaginary parts of
surface pressure jump Z;,(x) are compared with predictions of
Glegg’s [4] linear theory in Fig. 15 for grids A, B, C, and D. Grid
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Fig. 13 Test case 2: sensitivity of surface pressure jump to streamwise
domain length.
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Fig. 14 Test case 3: a snapshot of pressure contours.
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Fig. 15 Test case 3: sensitivity of surface pressure jump to grid step
sizes.
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Fig. 16 Test case 3: sensitivity of surface pressure jump to streamwise
domain length.

convergence is shown, and excellent agreement with the linear
theory is obtained. The surface pressure distributions for different
domain lengths are shown in Fig. 16, along with the linear-theory
prediction. It is evident that the effects of the domain length are
negligible.

Test Case 4: n =15

Next, we present results for the benchmark problem considered by
Hixon et al. [8]. The cascade is made of four blades with pitch s = 1.
The convected vortical gust is given by Eqgs. (28) and (29) forn =5,
and the Mach number is M, = 0.5. Table 2 gives the parameters for
the five grids used to investigate sensitivity to step sizes and domain
length.

A snapshot of pressure contours is shown in Fig. 17. For this gust,
the reduced frequency is k = 7.854, for which the second acoustic
mode is cut on. Upstream of the cascade, pressure fluctuations
propagate toward the upper left corner, and downstream of the
cascade, they propagate toward the upper right corner. The cascade
response at the forcing frequency w; = includes only one
propagating mode: v = 1. The amplitude |p,,(x)| for this mode is
depicted in Fig. 18 upstream of the leading edge and downstream of
the trailing edge for the four grids A, B, C, and D. The upstream
radiated pressure is 5% higher than that predicted by using Glegg’s
[4] linear theory. Reflection from the inflow boundary is negligible.
As we refine the grid, downstream radiation converges to the linear-
theory prediction. However, the weak undulations in the wave
amplitude indicate a small wave reflection from the outflow
boundary. In addition to the propagating mode v = 1, there are other
modes that decay exponentially upstream and downstream of the
cascade. The dominant exponentially decaying mode is v = —3,
which is also depicted in Fig. 18. This mode shows very little
sensitivity to grid resolution and is not influenced by reflection from
the inflow or outflow boundaries. It dominates the radiated pressure
in the near field.

Table 2 Grid parameters for test case 4

Grid ng n. L, At

A 25 25 5 0.6173 x 1072
B 49 49 5 0.3086 x 1072
C 97 97 5 0.1543 x 1072
D 193 193 5 07716 x 1073
E 97 97 7 0.1543 x 1072
F 97 97 9  0.1543 x 1072
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Fig. 17 Test case 4: a snapshot of pressure contours.
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Fig. 18 Test case 4: pressure amplitudes for propagating mode v =1
and decaying mode v = —3.
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Fig. 19 Test case 4: sensitivity of surface pressure jump to grid step
sizes.
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Fig. 20 Test case 4: sensitivity of surface pressure jump to streamwise
domain length.

At the gust frequency o, = w, the real and imaginary parts of

Z\p ;(x) are compared with predictions of Glegg’s [4] linear theory in
Fig. 19 for grids A, B, C, and D; grid convergence is also shown.
Sensitivity of surface pressure distributions to domain length is
shown in Fig. 20 for the grids C, E, and F, and, as shown, the effects
of the domain length are negligible. In this case, reflection from the
boundaries is much smaller than that in case 2.

The streamwise wave numbers for the acoustic waves radiated
upstream (k7)) and downstream (k) are shown in Table 3. Also
shown is cosf*, where 0 is the angle that the wave-number vector
makes with the outward normal to the boundary. The outflow
boundary in case 2 (for which cos 6~ = 0.375) suffers the most wave
reflection that we have shown, and it calls for applications of higher-
order nonreflecting boundary conditions such as those developed by
Hagstrom and Goodrich [22].

Conclusions

We considered the response of a flat-plate cascade to two-
dimensional vortical waves (gust). We solved the two-dimensional
nonlinear Euler equations over a linear cascade composed of six
plates for a range of frequencies of the incident gust. The cascade is
unstaggered and the pitch-to-chord ratio is 0.806. We use Giles’s [7]
nonreflecting boundary conditions at the inflow and outflow
boundaries. We analyzed the cascade response in terms of unsteady
normal force, surface pressure distribution, and radiated acoustic
pressure field for three discrete frequencies of the incident gust.

The lift spectrum agrees very well with Glegg’s [4] solution to the
linearized potential flow equation for the tested range of reduced
frequency (0 < wc/2U,, <8 ). Because Giles’s [7] boundary
conditions are approximately nonreflecting, we have investigated
undesirable wave reflection at the inflow and outflow boundaries and
its variation with gust frequency. Certain frequencies excite acoustic
modes for which the wave-number vectors are nearly normal to the
boundary. In such cases, minor reflection at the boundary is obtained
and the results are insensitive to the location of the computational
domain boundaries (cases 1 and 4 of this paper). Other frequencies
may still excite acoustic modes for which the wave-number vectors
deviate considerably from the normal direction to the boundary,

Table 3 'Wave numbers for upstream and downstream propagating

modes
Case n v ky ki ky cosft  cos
1 1 -1 —-1.299 —5.924 3.097 0.977 0.922
2 8 2 2599 -3.107 1.051 0.642 0.375
4 5 1 1.571 —7.530 2.294 0.979 0.825
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resulting in major reflection that contaminates the pressure field
(case 2). In such a case, the numerical solution depends sensitively on
the locations of the inflow/outflow boundaries. If the gust frequency
is such that all acoustic modes are cut off, the pressure field decays
exponentially toward the boundaries, and boundary treatment poses
no problem (case 3). These observations are consistent with the basic
assumption in Giles’s derivation of the approximately nonreflecting
boundary conditions, which is based on a Taylor series expansion for
a small ratio of tangential wave number to frequency. Rowley and
Colonius [10] (see also Colonius [11] for a review) and Hagstrom
and Goodrich [22] have developed more accurate numerically
nonreflecting conditions. Prediction of radiated sound by a cascade
of blades due to interaction with turbulence that includes a spectrum
of frequencies can greatly benefit from these new nonreflecting
boundary conditions.
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